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IN this paper, we exploit the close interplay between hyperbolic 3-manifolds and pseudoAnosov maps which arises via the mapping torus construction.
This enables us to prove results in the theory of surface automorphisms which appear to be difficult to obtain directly. In this way we extend and unify some examples of Bonahon [l] and Morton [7] , which are concerned with examining how the monodromy of a fibred knot changes when composed with the Dehn twist in some simple closed curve in the fibre. The interest in this construction is motivated by the study of so-called 'Stallings twists' which generate new fibred knots from old. We show:
THEOREM A. Let 6: F + F be a pseudo-Anosoc map and T: F + F be a Dehn twist about an essential simple closed curve, c, in F.
Then (i) for all butfinitely many r, T'8 is isotopic to a pseudo-Anosov map.
(
ii) there is a K, such thatfor all r 2 K, the maps T't? are all nonconjugate (and similarlyfor all r I -K.)
This is the content of $1. Our proof relies on certain theorems concerning hyperbolic 3-manifolds and is independent of considerations such as measured laminations and traintracks. In the 'generic' case. namely that i(c, gc) # 0, this says that L, --) c in projective measured lamination space, which is the expected behaviour. We have been unable to prove in general that the sequence (L,) converges.
The result on the dilatation is of a similar flavour: This construction has been used extensively in the theory of fibred knots, although in that case it is more usual to make a mapping torus using a bounded surface. In this context, it is frequently assumed that 0 fixes ZF and one makes the further identifications of {x> x I for each x EZF, so that M (0) is a closed manifold, usuaily S3.
The construction is then constrained to require that c be unknotted and have zero linking with a push-off. These conditions are designed to ensure that if M (0) = S3, then M(T'0) = S3. This will not concern us, consequently we make no such restriction. We specialise now to the case that 0 is pseudo-Anosov.
(Observe this carries an implicit assumption that genus (F ) 2 2.) Further, observe that the only incompressible S-compressible annuli in F x I are isotopic to products P x 1. Thus any annulus running around the S' factor has boundary components P and BP.
Putting together the remarks of the previous two paragraphs, it is now easy to see that there can be no annuli running around the St-factor, since these can never close up.
Thus the only annuli possible miss a fibre and have boundary components parallel to and on opposite sides of c. It is now clear that there are only two such components and that they close up to a peripheral torus. 0
THEOREM 1.2 Let 8: F + F be a pseudo-Anosov map, and T: F + F the Dehn twist about some essential simple closed curve c c F. Then for all butfinitely many r, T'8 is isotopic to a pseudo-Anosoc map.
Proot
Form the mapping torus 1M (0). Then we claim that W = M (0)\ c x {j> can be made into a complete, finite volume hyperbolic 3-manifold. For, Wis Haken, so by a theorem of Thurston [13] , W admits a decomposition into geometric pieces and Lemma 1.1. shows that in fact only one geometric piece is involved. IYcannot be a torus bundle. If W were Seifert fibred, then since the surface F is incompressible, it can be made horizontal or vertical; since it is not a torus, it must be the former. But this then implies W is a closed manifold, a contradiction. Thus we conclude that Wis hyperbolic. Let IV' = iM (0) \ N(c). Then a theorem of [12] implies that all but finitely many surgeries on B" give rise to closed, hyperbolic 3-manifolds, in particular, all but finitely many of the mapping tori M (T'Q) are hyperbolic. We complete the proof by quoting [14] , which states that a mapping torus is hyperbolic iff its holonomy is pseudo-Anosov.
(Although we are only using the easy implication of this result.)
Remarks. (i) The natural 'companion' result to.this, namely that all but finitely many of the maps TB'are pseudo-Anosov, is a special case of a theorem of Papadopoulos [8] . Module some understanding of projective lamination space, this result is much easier to prove, the reason being that pseudo-Anosovs have better contraction properties on this space than Dehn twists. It appears to be difficult to prove 1.2 directly.
(ii) It would be of some interest to show there were a bound on the number ofexceptional values of r, depending only on F, or perhaps universal. For example, a theorem of Gordon and Litherland [4] asserts that there are at most six surgeries giving rise to nonirreducible manifolds.
(iii) The restriction to one simple closed curve is, of course, unnecessary, though some care is needed in formulating the result for 1-submanifolds. The problem which can arise is that for some 0 and c, {c, Oc ). can be a 1-submanifold.
In this case, the manifold M (@'\, {c. 8c> contains nonperipheral embedded incompressible tori, so cannot be hyperbolic. Nonetheless, we do have: In order that 1.2 be useful, we need to be sure that infinitely many of the maps T'B are nonconjugate.
One possible approach to this would be to examine the behaviour of the dilatation (which is a conjugacy invariant) as r -+ co. However, there is a direct proof of nonconjugacy, closer to the spirit of this section: 
62.
In this section we focus on the behaviour of the invariant laminations and dilatation of T'g as r---f co. Our methods now draw more on the theory of surface automorphisms. TO state our results we must introduce some terminology. Let us denote measured lamination space for the closed orientable surface F of genus g by ML, and its projectivisation by BML, a compact space homeomorphic to S6g-7, (see Here [c] is taken to be the point of PML corresponding to c, and more generally, [ .] is taken to denote the projective class of a measured lamination.
Notice that H {cl ) = Cc,]. We use the symbol i( , .) to denote the geometric intersection number of two essential simple closed curves and observe that this admits a natural continuous extension to ML. (See
U41.)
We shall have need of the following lemma. A proof is contained in the Appendix to , c,_,)..) Now we appeal to the formula of Lemma 2.1. This states in our terminology, that for all simple closed curves 7, fi, , e-'c j ascribes nonzero measure to E, we For the other half of the inequality, notice that
This completes the proof. With the convention that a positive Dehn twist is a twist to the right, the traintrack T of Fig. 2 is invariant under all elements of the semigroup generated by IT,,, Tel, Tc,, Ti,i Ti2').
Moreover it is also invariant under the n-rotation, 7, about the axis shown in Fig. 1 . If we now Fig. I . Fig. 2 .
weight the traintrack we see that the weight cone W, is j-dimensional, with generators shown in Fig. 2 . One of the consequences of 2.3, first observed by Sullivan in [ll] , is that the volume of a hyperbolic mapping torus is not in general proportional to the entropy ( = log i.) of its holonomy.
For c(.cI (TV)) converges to c(:M(f?)\c x {i)) < ;c and the entropy is unbounded.
However, if 0, Ic/ fix the same unstable lamination (hence the same stable lamination) the situation is particularly simple -M (0) and M ($) are commensurable. Thus in this case
C(lv(e)) = ,4(,gi0gi
where A(L) is some constant depending on the stable lamination L of 8. It is of some interest to compute the behaviour of the set (A (L)I L E ML 1. For example, determine its smallest element.
